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ABSTRACT. The main aim of the lectures was to discuss the higher differen-
tiability of the minimizers of the integrals [, F(Dv) and [, F(X, v, Dv) where
v:Q CR® = RN, If n,N > 1 then it falls under multi-dimensional vectorial
case.

INTRODUCTION

The notes have been divided into six sections. In the first section an introduction
to the Hilbert s 19th Problem has been done, with discussion on the regularity of
the minimizer of the integrals [, F'(Dv) in scalar and vectorial cases. In the second
section, description of the Difference quotient method followed by a look into the
regularity of singular set of the minimizer. Third section contains few important
theorems regarding the regularity and type of the minimizer. In fourth section we
learn about the fact that the regularity of the minimizer does not deteriorate with
the increase in the dimension of the domain. Fifth section has been devoted to the
partial regularity of the minimizers for more general variational integrals through
Variational difference quotient method. The last section is all about quasiconvexity
of the integrand, uniform porosity and consequences.

1. SEcTION

Background and Hilbert s 19th problem: The Regular Variational Integral,
actually known as Hilbert “s 19th Problem formed the background of the discussion.
It can be defined in the following way:

Flu, Q) == / F(Du(X))dX
Q
is a regular variational iff ' : RN — R is C%and there exist constants 0 <[ <
L < oo such that
Uz < F*(2)[z,2] < LIZ|* V2, 2 € RY™

The above condition is referred to as the Hypothesis (H) of the problem. In
this course the intention was to generalize Weyl “s lemma to the minimizers of the
Regular variational integral.
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Lemma 1. (Weyl): Minimizers of Dirac integral are C*°- smooth.
Definition 2. (Dirac integral): Dir(v,) = [, |Dv|?

Problem under consideration: The problem under consideration is indicated by (P),
which is as follows:

(P): Given a bounded, open subset  C R and g € W2(Q,RY), we have to
find u € W;*(Q,R") such that

Jo F(Du) < [, F(Dv) Yo € W} 2(Q,RY).

(P) is an example of a regular variational problem. The solutions to (P) are
called F- minimizers.

Ezistence and Uniqueness of solution: It has been proved that solutions to (P) exist
and they are unique. The existence is proved by direct method and uniqueness is
implied by the strict convexity of F'.

Regularity of solution:

Case 1. If N =1, i.e., scalar case, then the answer is "Yes’. Based on the work
of DeGiorgi- Nash - Moser, Lady Zhenskaya and Ural ‘seva showed that
ue ChY Q) Yo < 1.

loc

Case 2. If N > 1ji.e. vectorial case, then the answer is "No”’, in general. Mini-
mizers can have singularities (not continuous, unbounded, not differentiable,
etc.).

Counter-examples for regularity of solution in vectorial case:
e Necas(1975): There exists regular variational problem such that

2

u=u(X):B(0,1) CR" - R"
where o
y XX
u(X) = ——

RY

is a minimizer when n > 25. Here | X| is a symmetric matrix. The solution
u is not differentiable but Lipschitz in very high dimensions.
e Hao, Leonardi & Necas (1996): It is similar as above but with

y XiXi O |X|
(X)) = ~Elsin>s
u ( ) |X| n J n=
e Sverak, Yan(2000,2002): Same as above but with
XiXi|X| )
| X n Y

il (X) = | x|~

such that e(n) > 0 and u € W when n > 3 and u ¢ LS when n > 5.
Hence regularity worsens as n increases.
Now we introduce the concept of “Partial regularity * and few important remarks
regarding it.

Definition 3. (Partial Regularity): It is defined as the regularity of some “small”
relatively closed set.
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Theorem. (Morrey, Giusti, Miranda et al)(1968): Let u € Wy 2(Q,RYN) be the
minimizer of (P) and satisfies (H). Then

Q= {XecQ: Lt ][ Du— (D) x> = 0 & T |(Du) x| < o}
B(X,’I") r—0

r—0

is open, regqular and u is CV*(Q,) Vo < 1.

loc

Remark. By Lebesgue s differentiation theorem the singular set ,,, where Q\Q,, =
>, has Lebesgue measure zero.

But we can estimate the size of ¥, much more efficiently if we use u € Wif and
Hausdorff measures.
2. SECTION
Difference-Quotient Method:(Nirenberg - Shiffmann)(1950s). It states that
u e WEHA(Q,RY) satisfies (B) and solves (P) then u € W22(Q,RN) and for any

k loc

ball B(X,3R) C Q u satisfies the relation
2« (2L 95200 2
|ApDul* £ (=—)*R*h |Du — Dal
Br ! Bsr

for all affine maps a : R* — RY and all increments |h| < R where h € R™.
Notation: Let f:Q — R¥ and h € R". Define

Anf(X) = F(X +R) — f(X), X, X +heQ
Proof. As w is F- minimizing hence u satisfies the Euler-Lagrange equation:

(2.1) /QF’(Du)[D¢] = 0V¢ € Wy2(Q,RY)

We fix a ball B(X,3R) C Q and take a Lipschitz cut-off function p € W,">°(Bsg)
such that x5, < p < XBys and |Dp| £ % a.e. We put ¢ = A_,(p?Ap(u — a)), for
|h| < R. Then ¢ is an admissible test map in (2.1). Hence ¢ € W, *(€2,RY). Hence
0= | F'(DwDIA-1( Ba(u - a))
Q O
:/ ARF(Du)[AR(u — a)Dp? + p? ApD(u — a)]
Q

Now,
1
AR F ’(DU)A}LDU: / F’ '(Du + tA}LDu)[AhD’U,, AhDu] dt
0
By (H)

UARDu> £ [} F**(Du+ t2AyDu)[ApDu, ApDuldt < LA, Dul?

l/ p*| A Dul? < Jo PORF (Du)ApDu < L/ 0% A Dul?
Q Q

Now,
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| 1Dt =l = [ 8,00 - 5Dl =a)
~ | D@ ouDlu - )BT =a)
=~ | D AD( = aiti=a) - [ D(8Dl = a)Biu—a)
= [ AlawDtu=af + [ A0 o)A =a)
= —/QD(Pz)AhDum
<| /Q D) A Dulon (i —a)|

= / PlanD(u — a)f? < / D(oP)|n Dl | A (1 — a)|

(2:2) ot [ A1sauP ~ L [ 180Dul|8na - @) D(A) <0
Q Q

From (2.2) we get
L
[ 1D <7 [ 18Dullantu - alIDG)

2L
-7/ plApDul|Ap(u — a)||Dpl

Applying Cauchy- Shwartz inequality to the above relation we get.

2L
| A1onDup <] AanDup) ([ 800 = a2 DpP)"

(23 < P [ 18n(u= ) DpP

Applying the properties of the cut-off function p to (2.3) we obtain

2L
(2.4) / |ApDul® < (*)232/ | Ap(u—a)f?
Br ! Bar

Now,



LECTURE NOTES ON ASPECTS OF REGULARITY THEORY OF MINIMIZERS OF MULTIPLE INTEGRALS

/B2R [Balu = a)f :/Bm /O1 D(u — a)(X +th)hdt]®
:/B /OID(Ua)(X+th) dt|?h?

1
g/ / |D(u — a)(X +th)|>dt dX h?
Baogr 40

1
:// D(u - a)(X + th)|* dX dt h?
0 Bsr

1
:/ / |D(u — a)|* dX dt h?
0 Bartth
(2.5) < / D(u - a)|h?
Bsr

Hence, combining (2.4) and (2.5) we get

/|AhDu\2§(%)2R2h2/ |Du — Dal?
Br l Bsr

(2.6) = |D2u\2§(%)2R2/ |Du — Dal?
BR l BSR

Hence Du € Wllof = uec W22

loc*

Putting Da = (Du) x 3r in (2.6) we get
2L
(27) | i0tup < CRRR [ ipu - (DuxanP
Br Bsr
(2.7) is known as the Caccioppoli inequality of 1st kind.
Furthermore, for each 1 < s < n

/ F*/(Du)[D(Dyu), D] = 0, ¢ € WE2(Q, R )and dist(spté, 9Q) > 0
Q

. This can be proved in the following way.
We put ¢ = D1, where ¢ € C°(Q, RY)
Hence putting the value of ¢ in (2.1) we get

(2.8) / F’(Du).DDgpdX = 0= [ F’*(Du)[D,Du, Dy} dX =0
Q Q

“» D(Du) € L2(Q,RY*") and C°(€2,RN) is dense in W, *(Q, RY), hence (2.8)
becomes

(2.9) /Q F*"(Du)[DDsu, D$|dX =0

Lemma 4. (Gehring): Let Q be an open subset of R™ and let f € L}, () be a non
negative function such that

fraxsnf gaxy«
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for some constants by, by > 0,p > 1 and for any ball B(2B C Q). Then there exists
s>1 and c> 0 so that

PRax)V ) < (1 dx
gﬁf @) < of +i3f )

Now, Poincare - Sobolev inequality, Gehring’s lemma and (2.7) yields that:
Je =e(n, £) > 0 such that w € W22 (Q,RY).

loc
¥, =0 whenn = 2
T dimgX, <n—2 whenn > 2
u e CH(Q,RN) for some > 0 when n < 4.

loc
3. SECTION

Theorem 5. (G. R. Mingione & J. Kristensen): Let u € W2 (Q,RY) solves (P).
Fix Hélder s exponent: 0 < a < 1.
Then
(1) u e CL2(Q,RN) if &< el
(2)u e Cpd(QRY) ifk < n=loorn—442a<0.
In particular u is Holder continuous if
% <4 whenn=5
or

%<g whenn = 6.

Definition 6. (Q-minimizer): Let Q > 1. Then w € WH2(Q,RY) is a Q-
quasiminimizer, or shortly, @Q-minimizer for F/[., Q)] iff

Flw. 9] < QFlw + 6,9
for all ¢ € W,*(Q,RY) and all open subsets Q* C Q.

Theorem 7. (Ziemer): Let Q > 1. Let u € WL2(Q,RY) be a spherical Q-
minimizer for Dirichlet integral iff for any open ball B C Q

Dir(u, B) < Q Dir(u+ ¢, B) V¢ € Wy *(B,RY)

Then the map
res T / |Du|2
B (X)

is non-decreasing for r € (0, dist(X,0Q)).

Note: We fix an open ball B C {2 and let h € Wé2u (2", RY) be harmonic.
Then ¢ = h — Dyu is admissible in (2.9). Hence we get

Z/B|DDSu| g/BF"(Du)[DDsu,DDSu]
- / F~(Du)[DDyu, Dh]
B

< /B F(Du)[Dh, Dh]

<L / |Dh|?
B

L
= Dir[Dsu, B] < TDir[h, B
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.. Dgu is a Q-minimizer for Dir[., ] when Q = %

Proof. (J. Kristensen & G. R. Mingione)
Let Hj— {harmonic, homogeneous polynomials of degree k on RV}
B =B(0,1) and S =0B(0,1)
Hi(S) ={p|s : p € Hi}. O

Fact. 1) Define L*(S) = &2 Hy(S). Then L*(S) is a Hilbert space.
If p € Hy, q € Hj,where k # 1, then inner product of p and q is zero.
2) If p,q € Hy, then [ Dp.Dq = k(n+ 2k —2) [, pq.

Now, B, = B(X,r). Without loss of generality, we assume X = 0.

Given: u € Wﬁ;f(Q, R?) is a spherical Q-minimizer for Dirl[.,Q], i.e.,

/|Du|2sc2 Duf?

. B,

where v € W12(B,,RY) is harmonic.
Observation:

o ulpp, € WH2(9B,,RY) and tangential derivative |D;(ulsp, )| < |Du| a.e.
on 0B,.
o We put D(r) = [ |Dul?.

Note: D(r) > 0is non-decreasing and absolutely continuous with D’ (r) = f&BT | Du?a.e.
T
For 0 < r < dist(X = 0,09) we fix r = R satisfying the above two conditions.
Define v(z) = fu(Rz), x € B,.

/ |Du|2:R”/ |Du(Rz)|* dx
B B

=R" / | Dv|? da
B
Calculation:

Let h € W, 2(B,) be harmonic. v|s = > y— Pk, Pk € Hg. " h = v|s=sB,,
Sh=3 1 opr and Dh =372 Dpy in L*(B,).

o[ i< [ onr
B, B,
-0y [ onp
k=1 B,

1
=QY ———— [ |Dpf?
k:ln 2k 2L| pk|

Now, | Dpy|? = | Dspr|?+|D.pi|? by Pythagoras” theorem, where D, py, = %@V =
kpr ® v. Hence,
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/ Dpl? = / Dipel? + | Dupil?)
/S (Depil? + K|pi?)

k
/[|Dtpk|2 + HT‘DPH ]

Dpil? = [ |Dippl?
» s [ion = [ 1Dl
n+ 2k — 2
= [ |Dps)? = D;pi|?
/\pkl n+k 2/|tpk|

= D
n—I—k /‘ tpk|
<an—|—kz /‘Dtpk|2

B,
< Z / Dupel?

“—n-—1
/ IDyf?

(;)

n—l

—kl fspk-pl =0

n—1Jg
(x)For k # 1, [ Dipr.Dypy
. _ 2 < L 2
-.D(r) /B |Dul” < (n— Ty / | Dv|
AL
n—1
=0,00))

Qr

“(r) fora.e.r € (0,dist(X

“n_1?

n

n—1
>
= Or

for almost every r with D(r) > 0

and so for 0 < r < R < dist(0,09) we get by FTC
(R)
= +u(Rz)

n—1 R
dog— <1
Ogr - OgD(r)
D(R)

Q
—1 n—1
T D(r)< R
=r=rQ [y (x |Du|® is non decreasing and u(z) as well as v(x)

=r Q@
are spherical@-minimizers of Dir|[., (]

4. SECTION
In this section we discuss that with increasing dimension, i.e., n — oo regularity

of the minimizer does not deteriorate
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Theorem 8. (J. Kristensen & C. Melcher)(2008): Let u € Wr2(€,RY) be a
solution of (P). Then

2,2+

EN
ue W, *°*%Vn,N.

Proof. (Sketch of the proof):

[We know: u € W22(Q,RY) and 0 = [, AyF ' (Du)[Dg) for ¢ € Wy*(Q,RV)
with dist(spt ¢,00Q) > |h|].

So we first seek a test map ¢ such that D¢ ~ |Ap Dul Ay Du.

We fix a ball B CC Q.

Let p € C°(B) be a cut-off function.

We take ¢ > 0 such that u € Wllo’f+€(Q,RN), (i.e., € depends on n) but w =
pApu € WH2Te(R™).

We take 1 € W12 such that Dy = E(|Dw|*Dw). Here E is the Helmholtz
projection onto gradient fields on R™.

It can be written as £ = —R ® R, where R is the Riesz transforms on R™.

Now, D can be written as DY = |Dw|*Dw — o, divo = 0.Here o is the error-
term.

From the results of Iwaniec & Martin, Iwaniec & Sbordone

1
(4.1) lol|zse < el | DullEf, ¢ < 50

We put ¢ = p(¢ — 1p)in the Euler-Lagrange s equation (2.1).
.. Do =pDy + lower order terms(l.o.t)

=p|D(pAru)|D(pApu) — po + l.o.t.

~p?TE| Ay Dulf Ay Du — po + Lo.t.
So, from (2.1) we get

0:/ AWF’(Du).Dé
B
N/ ARF (D). [p* | A Dul® A Du — po +1.0.t.]
B

:/ p*TENALEF (D). Ay Du| A Dul® —/ ARF(Du).(po) + l.o.t.
B B
Now, from (H),

(4.2)
l/ 2| Ay Dul?Te §/ P2 TE| AR Dulf AR F (Du).Np Du < L/ | Ay Dul? e
B B B

and

(4.3) l/ |ApDul|po| §/ ARF(Du).(po) < L|ApDul|po|
B B

Hence from (4.2) and (4.3) we get
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l/ Pp2TE | A Dul?Te — L/ plApDul|o| + Lo.t. <0
B B

L
:>/ p° | AR Dul> e < 7/ plApDul|o| + lLo.t.
B B

L
< 7(/}3 p2+€|AhDu|2+5)ﬁH0||%Z + lo.t.(By Holder s inequality)

L
< —cs(/ PP AL D) =2 || Dwl|[31E + Lo.t.(By (4.1))
B

L

< 705/ 0T\ AL D> + 1.o.t.(By Young s inequality)
B

If Lee < 1,ie, e < 1L then the first term of the right hand side can be

absorbed to the left hand side and hence the proof. (I

Note: The above theorem is regarding the regularity of the minimizer within the
set which forms its domain and not at the boundary of the domain.

5. SECTION

Here we discuss about the partial regularity of the minimizers for more general
variational integrals through Variational difference quotient method.

Variational Difference Quotient Method:(J. Kristensen & G.R.Mingione).
Set-up: F(v) = [, F(X,v,Dv)dX is a variational integral where © is an open,
bounded subset of R”, v € W12, We look for minimizer for ' : Q x RY x RN* — R
which satisfies

(H1) z— F(X,y,2)is C? and (X,y,2) — F..(X,y,z) is C°.

(H2) Iz < F..(X,y,2)[£,2] < L|Z|? for all 2,z € RV", X € Q,y € RY.
(H3) Uz? - L<F(X,y,2) <L(|z|> + 1) for all X € Q,y € RN,z € RV",
(H4) |F (X1, 91, 2) — F(Xa,y2,2)| < Lwa (| X1 — Xa| + [y — 2])(|2[* + 1) for

all X1, Xo € Q,y1,y2 € RY, 2 € RV™ where w, (t) = min{1,t*}, ,t >
0,0<a<l.
We can find a u € W;’Q(QRN) which is a minimizer for F and the existence
of u follows from by the use of direct method and nothing can be said about its
uniqueness since F(v) is not convex.

Theorem 9. (Giaquinta & Giusti)(1979): Let u € W 2(Q,RYN) be an F minimizer
and satisfies H(1-4).

Theorem. Define

Qu = {X € Q:lim ‘.DU,—(.D’U,)(XJ,H2 = 0&%(|U(er)|+|(D’LL)(X,T)|) < OO}
r=0.JB(X,r) r—=0

o
2

Then Q,, is open and u € C’llo’C (2, RY).

From Lebesgue s differentiation theorem, £(%,) = 0 where X, = Q\,. Hence,
>, is a singular set.

Remark. Assume H(1-4) are satisfied, « = 1 and F(X,y,z) € C*. Then an F-
minimizer u € W;2(€,R") is also an F-extremal, i.e., it solves the Euler-Lagrange
equation for F':

divF,(X,u, Du) = Fy(X,u, Du) inQ
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Here |F,(X,u, Du)| < L(|Du|? + 1) by (H4) with o = 1. So the above Euler- La-
grange equation is an elliptic system with critical growth (Du € L?so Fy(X,u,Du) €
L') and its known that there is no partial regularity theory for weak solutions of
such system(e.g. harmonic maps systems, by Riviera). Hence its important that
we are dealing with minimizers and not merely extremals.

Next we try to see whether better size estimates of the singular set X, are
possible or not and the answer is yes they are possible if we look into Hausdorff
dimension.

Theorem 10. (2006): Let u € W,?(Q,RY) be F-minimizer and satisfies H(1-4).
If u € WEP(Q,RN) forp > 2 then

dimg%, <n—min{a,p— 2}
Remark. Tt follows from Gehring s lemma, that u € VVl (2, RN) for some ¢ > 2.
Definition 11. (Sobolev-Slobodetskii space): Let 0 < § < 1. Then w € W%2(B)

. | w(y)P
w 1
lwllwos = llwllzz + //ﬁd vdy)t <

The second norm on the RHS is known as Gagliardo semi-norm and is wriiten
s [w]g2:B.
Notel: w € WH02(B) iff w € W12 and Dw € W92
Note2: w2 = Bg’Q, where B is the Besov space.

Theorem. (G.R.Mingione)(2003): u € WIHO 2(Q,RN) Vo <5
Theorem 12. (2006): Let u € W2(Q,RY) be F-minimizer and satisfies H(1-4).
If u € WP(Q,RN) for p > 2 then

e W2, RV Vo < %min{a,p -2}

loc

Proof. (Sketch of the proof): We fix a ball B(X,, R) CC Q.
Frozen integrand F(z) = F(Xo,up, z).
Let v € W)?(B) minimize [;, F(Dw).
From (H2) and Difference quotient method, for cube Q = Q(Xj, %) CcB

2
/|A Dv|2<c||Q| / |Dv — Dal?
3

where a is affine and |h| < §|Q\H
From (H2) and the fact (Dv)p = (Du)p we get

/B|Dv—(Dv)B|2 < %/B\Du—(Du)BF

Estimates:

b Jo Q%
We put 0 = min{a,p — 2}.
From minimality condition and (H4) we get

2) [5|Du— Dv* <c [5(|Dul*™® +1)R°.

For dimensions (n — 2) like in (2), 2+ ¢ < p so |Du| € L3'°.

loc

|Du — (Du)g|?.
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Step 1: (For the proof) We have to show Du € Wli’f(Q, RY™) 9 < 775
Let 0 < 8 < 1. Let B = B(Xy,|h|?) cc Q.
Combining (1) and (2) we get

/ |ApDul? < 2/ |AR(Du — Dv)|? + |ApDul?
Q Q

|h| small
< 8/ |Du—Dv|2+2/ |ApDol?
B Q

R:‘h‘ﬁ 1
e / (IDul*" + 1)([B[7 + [>2%) [ |Q|* ~ R

B
We assume 3 such that o5 =2 — 25 i.e.,
/ |AnDuf? < / (IDu[**7 +1)|h| 7%
Q B

~ Now we fix 2°CC Q"CC Q. For small |h| we cover Q” by non overlapping cubes
Q such that 3./nQ C Q"".
Note that cubes 3,/n@ have bounded overlap property (3" — 1)(3v/n — 1).

/ |ApDul? < Z/ |ApDul? < c/ (IDuf>+ + 1)|h| 5.

o o 0

S Due NZT’Q(Nikolskii space). Now NZZ?’2 = B;’%’m = W2,
Hence, Du € W2 (Q,RN") 0 < 52

Step 2: We have to show that if 0 < 6 < g and Du € W/22(Q,RN"), then

loc

DueW?vi< —— %
UEWee S 5 g 1,
Note: 9 < m

As in Step 1, but using Poincare inequality in estimate (1) we get
|R[?

/\AhDv\Qgc 2/|Du—(Du)B|2‘
Q Q|» /B

Poincaré |h‘
< ¢
@
<[>~ 220 Dulf 5.5
We now use iteration. Define H (t) = 57-%5. t € [0,1].
Note: H is increasing, i.e., t < H(t) < § for 0 <t < § and H(%) = §.
Thus Step 2 reduces to: Du € VVl%f, 0 < 0 < 3 this implies Du € T/Vltof, vVt <
H(9).
Define two sequences {6;} and {v;}: 6 € (0

We put §; = H(#;_1) and v; = eﬁ%('“‘l)

Then 0 < 0; < § and 6; ~ Z and

0; <v;<gandvy; 3.

Claim: Du € W, Vj.

Induction: Step 1 yields 8 = ~y,i-e., j = 0.

Let it be true for 7 = k. Then by Step 2, Du € Wltoi Yt < H(vg).
For j=k+1,

iff & < Z . Hence this is an improvement.

2 20
B |B| ™ [Du]gz;B
n

and vo = & + 52—

775)
' 240 2(24+0) "
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~ Ok1 + H(vk)
’Yk‘Jrl *f
~ H(0k) + H(w)
B 2
<H(7) " Hisincreasing
.. It is true for j = k4 1 also.
Thus our claim is correct.
Combining the Step 1 and 2, the proof is done. O

6. SECTION

In this section we discuss about Quasiconvexity. It is said to be ‘Natural condi-
tion” when n, N > 1.

Definition 13. The integrand F : Q x RV x R¥" — R is said to be quasiconvex
provided

/( P X020+ DA(X) = F(Xo, 0 20)] X 20
0,1)n

for everyp € C2°((0,1)",RY), for all Xy € Q, yo € RY and 2o € RNV™.

This condition replaces the usual convexity condition in multi-dimensional calcu-
lus of variations and is essentially equivalent to sequential lower semi-continuity in
the weak topology of appropraite Sobolev spaces. As such it is intimately related to
the minimizers of [, F(X,v, Dv) on Dirichlet classes of Sobolev maps and as such
quasiconvexity in a strict form allows to prove the partial regularity of minimizers
too.

We try to answer the question regarding fQ F(Dv) when F : RMN" — R is C?,
|F""(2)] < L and F —|.]? is quasiconvex.

Then it has been proved that

e There exists a minimizer u € W;’Q(Q, RM).
e The minimizer is not unique.(Spadaro,2009)
e There is partial regularity of the minimizer.(Evans 1986, Acerbi & Fusco)

The key point in the proof of regularity of the minimizer is the Caccioppoli inequality
of 2" kind:
For B(Xy,2R) C Q,

/ Du— (Du)y, 5f? < < / fu — af?
B(Xo,R) R B(Xo0,2R)

for all affine maps, a : R* — RV,

Definition 14. (Quadratic excess functional): E(Xj, R) is the quadratic excess
functional is defined as

FE(Xo, R) :][ |Du — (D) x,.r|?
B(Xo,R)

Relation between Gagliardo norm and Quadratic excess functional:
Let w € W2(R™), 0 < 0 < 1.
Then
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)|2 dxd
92 - . . |IL'* ‘n+20 Y
/ / E(x,r) 720 drdx

If w e WH2(B(Xo,2R)), then

/ / inf][ |lw — a|2—3 drdX < c/ | Dw|?
B(Xo,R)J0o a JB(X,r) r B(X0,2R)

Note: E(X,r) < 5inf fp y o [u— al?
Applying to the minimizer u, where B(Xy,4R) C Q

R 1 s 5 1
E(X,r)-drdX <c inf lu — al” —=drdX
B(Xo,R) J0 r B(Xo,R)J0 a JB(X,2r) r

< / | Dul?
B(Xo0,4R)

Definition 15. (Uniformly §-porous): VB(Xy, R) C € there exists X € B(Xy, R)
such that B(X,0R) C B(Xo, R) \ .

Theorem 16. (2007): If u € W1 i.e., u is Lipschitz, then ¥, is uniformly
d-porous for some 0 < § < %

Consequence: dimY, < n.
weWh® = fo o JFEX,r)drax <C.
When u € W, there exists € > 0 such that
Q,={z € Q:re(0,dist(z,00)) suchthat E(x,r) < €}

is a regular set.

Note: If E(x,r) <27 "¢, then B(z, 5) C

Now we fix a ball BR = B(Xo,R) C Q and let 0<p<l.
Define

E ={x € B(Xy,R): E( r)>2""eVr e (,uR,R)}.
CZ‘B*thffR nes drd:v:“EHQ eln,

Thus

| 207" 1
< — —0 — 0
B(Xo, B~ E Wl "

If therefore we take

22n+1C1
p=exp(————)
then % < 1 and it follows that we can find z € B(Xy, R/2)\ E and hence
' 2

z € B(Xo,R) \ E.
Thus, in particular, B \ E # Q.
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