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|- General Introduction
1) The one fluid case (Water Waves)

a) Notations

z (t.x)

bx)

xeR’




b) Free surface Euler equations

Equations inside the fluid domain

> Incompressibility: m
> Irrotationality: m

» Conservation of momentum (Euler equation):

p(@tU + (U . VX,z)U) = _VX,ZP + 143

Equations at the surface

» Continuity of the stess tensor: ’ P — Patm = k() ‘ (c >0)

» Bounding surface:

Equations at the rigid bottom

9eC —

> Impermeability:



c) Free surface Bernoulli equations

Equations inside the fluid domain

> Irrotationality:
> Incompressibility: m

» Bernoulli equation:

1
p(0: + 5|vx7zq>y2) = —(P — Patm) — pgz

Equations at the surface

» Continuity of the stess tensor: ’ P — Patm = k() ‘ (c >0)

» Bounding surface:

0:¢C — /14 |VC20,9 =0

Equations at the rigid bottom

> Impermeability:



d) The Zakharov-Craig-Sulem formulation

Write the equations in terms of ¢ and ‘w(t,x) = ®(t, X, C(t,X))‘

> 0P|, = O0rh = (9:()0:P),_,
> VO _ = Vi —(V()aP,_ =V

_ Gv+VEvy |
> 0 = Twgr . W

where

(61w = VITTveRo,0, |

The operator G[(] is called Dirichlet-Neumann operator



Since P|,_. = Patm + ok(C), the pression disappears when we take
the trace at the surface of the Bernoulli equation

p(0:® + 3|V x ,®?) = —(P — Patm) — pgz.

After some computations, we obtain therefore

where we recall that

> Gl = 1+ [VCR0n0y,

> 10 =V ()

u]
o)
1
n
it
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e) Basic comments on the equations

Proposition
If ( = 0 then G[0]y) = |D|tanh(H|D|).

Notation: @ = f(&)u().
The linearization of (1) around the rest state (( = 0,1 = 0) gives

{ 2~ DDl =0
o +g¢=0

and therefore

((2) 93¢+ g|D|tanh(H|D|)¢ = 0.




Let us investigate the behavior of the linearized equations (2),

(82¢ + g|D| tanh(H|D|)¢ = 0.]

The deep water limit H = oo
Since ET tanh(x) = 1, we replace tanh(H|D|) by 1 in (2),

(93¢ +glDlc =0

This is a dispersive equation.

The shallow water limit H < 1
Since tanh(x) ~,_0 x, we replace tanh(H|D|) by H|D| in (2),

[a,_%g — gHAC = o.]

This is a non dispersive equation (in physical terminology !!!).

» The deep water limit coincides with the symbolic analysis
> The SW limit is not compatible with symbolic analysis



f) One more formulation

Let us denote by U the velocity at the surface,

[U=(.w=U,_)

We take the trace of the Euler equation at the surface

pOU+ (U Vi )U), _ ==VxzP,_ +r8

|-=

> 8tU‘z:C - atg _(8tC)8ZU|z:C

> (U-Vx)U,_, :(M-v)g\ (V- V). U,_, +wd.U,_,

—V(P — Patm) + V(O P
SO b A

—pg — aZ'D|Z:C



We get therefore (take o = 0 here)

po+ (v vy = (T )

—pg — 0:P,_,

which, together with the kinematic boundary condition, yields

9V +(V-V)V+:V(=0,

with

[“ =—30:P_ =g+ +V- V)ﬂ-]




H(+V-V(—w=0,
OV +(V-V)V+:V(=0,

One must of course express w and a in terms of ( and V.
For the moment, let us proceed formally:

» When ¢ =0 then

w = 62¢|Z:0:8nd>|z:0
= G[o]y = |D|tanh(H|D|)w

= —tanh(H|D|) Vi

D]

\Y

D] —

» When ¢ # 0 it remains true when d =1 (and “almost” true
when d = 2) that

= —tanh(H|D|)—

\Y
w = —m - V + lower order terms.



3 0:(+ V- -V(—-w=0,
(3) OV +(V-V)V+aV( =0,

From the previous analysis, the principal symbol of (3) should look

like ;
V-ie it
ai§ Vi€ |

~» Imaginary eigenvalue of multiplicity two, with a Jordan block

[The system is non strictly hyperbolic]

~ Well-posedness requires therefore a Levy condition on the
subprincipal symbol

[(Rayleigh-Taonr) a= —%BZP|ZIC > ap > OJ




g) Nonlinear well-posedness

Theorem
Let (¢°, V4°) be regular enough and

1
~H+(%> hmin >0| and |a= —0:P 220> 0.

Then there exists a unique solution to (1) with initial condition
(¢°,4°) on a time interval [0, T] for some T > 0.

Remark:
» The Rayleigh-Taylor may be automatically satisfied (infinite
depth, flat bottom, ...)

» Theorem true if ¢ > 0 with existence time T, — T as o0 — 0.

References (Local existence): Wu, Lindblad, L.,
Ambrose-Masmoudi, Coutand-Shkoller, Shatah-Zeng, Iguchi,
Cordoba®-Gancedo, Ming-Zhang, Rousset-Tzvetkov,
Alazard-Burg-Zuily, etc.



|- General Introduction
2) The two fluids case

a) Notations




b) Free interface Euler equations

Equations in Fluid + Equations in Fluid -
> diVX7ZU+ =0 > diVX7ZU_ =0
» curlx ,UT =0 » curlx ,U” =0
> pt (0. U + (UT- > p (0:U + (U™ -
VX7Z)U+) = nyz)U_) =
_VX,ZP+ + erg- _VX,Z'Di +p 8

Equations at the interface

> | [P¥] = ok(¢) | with the notation [A~] — AT — A

Equations at the rigid boundaries

v

v

UF=0atz=—-H"
> U =0atz=H"



c) Free interface Bernoulli equations

Equations in Fluid + Equations in Fluid -
> Ut =V oF » U™ =Vx,o"
> Dx,dT =0 > Ax, " =0
> p+(8t¢++%‘VXyz¢+‘2) = > p7(8t¢7+%‘VX72¢7‘2) =
—(P* = Patm) — p"g2. —(P™ = Patm) — p” 82.

Equations at the interface

> [PE] = 0k(C)
> i — /14 V(20,0 =0

Equations at the rigid boundaries

» 0,0t =0atz=—HT
> 0" =0atz=H"



d) Reduction at the interface

Eliminate the pression from the Bernoulli equations
1
P+ (6t¢+ + §|VX,Z¢+|2) = _(P+ — Patm) — p+gz

_ _ 1 _ _ _
P (007 + 5[ Vx @ ?) = —(P" — Pam)—p g2

using the relation | [P%] = o£(¢) |

(w o =ptyt—py]

here | (¢, X) = ®E (£, X, ¢(t, X)) | and | p* = —L |,
where | ¢ (t, X) (£ X, (£, X)) [and | p* = 7




Define Dirichlet-Neumann operators for the upper and lower fluids,

|G*ut = G*[u* = YT+ IVCPo,oF |
where

Achb =0 in QF
=yt

O,F  =0.
|Z ¢ |z :FHi
CAUTION: Always UPWARD normal derivative!
With | g" = g(p™ = p7)

the equations of motion then become

DA



(4)

Comments:

» We recall that | GTyT = G ¢~
» When ¢ =0,

G*[0] = |D| tanh(H*|D|)

and

G~[0] = —|D|tanh(H™| D))
> We need to express 4= in terms of ¢ and 1) = pT¢™ — p=o™.

DA



e) Basic comments on the equations

The linearization of (4) around the rest state (¢ = 0,¢* = 0) gives

{ 0:¢ — G [0]y* =0,
o +g'¢=0.

In order to express 1)* in terms of ¢ and v, we solve

{|D|th+w++\D|th_¢_ =0
ptyt —p oy~ = 1,

where | th* = tanh(H*|D|) |

[G+[0]¢+ _ G-[oly{= clo | = |D|th+¢¢.]

,z_)‘*'th _—|—,z_7—1:h+




For the one fluid case, the linearized equation around (0,0) was

(@) 8%+ gID]tanh(H+|D]); = 0.]

The two fluids generalization is

[(5) 53¢ + g'|D|—th'th™_¢ _ o.]

B*thi—l—gftth

The deep water limit H = oo

(93¢ +&'1D|c =0

The shallow water limit H* < 1

(82— g'HA =0,

HTH~

where = W .




f) One more formulation

As for the water waves, write the equations in ¢ and U™ = U|i ,

( {8tC+Mi~VC—mi=0,

Oelp™VE] + [p= (V- V)VE] + V(= VE(Q),

p++ -

with

[a_ 0P 1= &'+ [p* (0 +Mi-V)wiﬂ‘]

IMPORTANT: Write [p(V* - V)VE] in terms of ¢ and [p* V*]:

[ (V=) vH] = V=] - V{pVF) +H(VF) V[V

~Kelvin-Helmholtz instability

~ We need to find V*, w* in terms of ¢ and [[BiMiH.



Example: Linearization around ¢ = 0, U* = (c*,0)

(6)1 O+ VE-V(-w®t =0
—_—
=—/1+[VCRUF~—UF

» As in the water waves case, let us write wt ~ ‘%‘ %
» Therefore, Uf = U, ~ —c*-V(F % VvE
» We are therefore led to solve
%.MJUF%.M— = —[c*]- V¢
B+M+_B—Mf — [[BiMiJ]
» We find

[U,? ~—(ptet+p7c) - V¢ -5 [[Bili]]]




[(6)2 Belo V] + [ (V- V)V + V¢ = —

o
» We linearize

o vfe(o}

[p2(V* - V)V ~ [¢5] - V(pE V) + (cF) - V[p* V7]
» Proceeding as above, we find

» We linearize

Vk(() ~ —AV(

DA



The linearized equations are therefore
O +7T- V(4 — |D| ptVvEI =0

Oelp=VE] + ¢ V[p*VF] + (a — KH —

A)V(¢ =0,
= )V¢

with

¢ 1 7.
C:(P+c++P_C_) and KH——2p+p_W >0

~> Hyperbolicity condition:

ct 2
[*@p4[§@+prKF>q

~ Kelvin stability criterion

[gw —)> 4(”+—”_)_)2|[[ciﬂ|4]

alpt+p




g) Nonlinear analysis
Theorem (o = 0)
» (d =1) The two fluids Euler equations are ill posed in any
functional space B such that

C* S BcCCH
> They are well posed for analytic data.

Proof.

1) lguchi-Tanaka-Tani, Lebeau, Kamotski-Lebeau, Wu, etc.
Because of the ellipticity of the symbol.

Indeed the previous analysis shows that (with ¢ = 0),

I, _
¢ +alDIC+ 5" p |[FIPAC = 0.
2) Duchon-Robert,Sulem?, Sulem?-Bardos: Cauchy-Kowaleski [

Interfacial wave do exist!






Theorem (o # 0)

With surface tension, the equations are well-posed with Sobolev
regularity over a time interval [0, T,].

References: lguchi-Tanaka-Tani, Ambrose-Masmoudi, Shatah-Zeng,
Cheng-Coutand-Shkoller, Pusateri, etc.

One has T, - 0as o — 0.

How to we recover the solution of the water waves equations
without surface tension as 0 — 0 and p~ — 07



Theorem (Pusateri)

Convergence to the solution of the water waves equations as
o — 0 and p~ — 0 provided that

(B_)Z < 0_7/3‘

This does not explain the observation of interfacial waves when
p~ =pt —e, e <1 (internal waves).

Question:

Such waves exist and are very well described by asymptotic models
(shallow water, KdV, etc.). How can we explain their existence?

Remark: There is no surface tension in these asymptotic models.

Surface tension is necessary for the wave to exist but does not play
any role on its dynamics.



Find a criterion that
» Generalizes the Taylor criterion for two fluids interfaces

» Acts as a nonlinear version of Kelvin's criterion
Remark: The linear version of the Rayleigh-Taylor criterion
—8,P>0'is .

e A o= V2
() ept 1> @Il

Theorem
Let (¢°, Vy9) be regular enough and such that

HE 7¢° > hpin >0 and (*) is satisfied

Then there is a local solution to (4) on a time interval that
depends on o through (*) only.

Remark: Local solutions were known to exist; the theorem
furnishes stable (in the sense of observability) solutions.



[(RT) ~0,P_. > o]

Corollary
Convergence to the solution of the water waves equations as
o — 0 and p~ — 0 provided that

(/_)_)2 < 0.
(Question:]

What about internal waves? Only hope:

[[—8ZP|1C]]>>1 or |[VI]l«1

How do we have an a priori knowledge of these quantities? -



We would like to be able to answer the question:

[Is a wave of amplitude a and wavelength X stable (observable)?]

25

-1.0
-20 -10 0 10 20

Grue et al. J. Fluid Mechanics, 1999.



It is possible to answer this question by asymptotic considerations.
Let

» a: typical amplitude of the wave

> \: typical wavelength

> H= % typical depth

and

> = ';— shallowness parameter

+ HH ”
=(pTp )2 2 %. “stability” parameter

Theorem
The result of the previous theorem is uniformly true as u — 0
(shallow water regime).
A practical stability criterion is then

Tx1



lI- The Stability Theorem

) Rigorous derivation of the equations

In order to study

(1)

we need to express ¥F in terms of ¢ and ¥ = ptyt — py~
Remark: One easily checks that

Gi[Ca H:l:] - Gi[HiC7 ]

~ In the analysis of the DN operators, we take H* =1

DA



a) Some facts on the DN operator

—1+ Bb(X) )
f e — [Hi + C > hminJ

We write ¢ = ® o ¥; then

AX72¢:0inQ ~ VX7Z~P(Z)VX7Z¢:Oin S.



We have the following properties:
» (P1) |G Y =0no,_,| (=ez P(E)Vx;0|,_,)

» (P2) G is positive and symmetric for the L?-scalar product
» (P3) ('~ GT[(]¢ is analytic and

dGH(h)h = —GT(hw') = V - (hV1)

Remark: Similar properties also hold for G~



Definition (Beppo-Levy spaces)
For all s > 0, we define

H™ = {f € 12 _(RY),VF € H(R)9}/R.

Let tg > d/2 and ¢ € H+2(RY). Then, for all 0 <'s <ty + 1,
» (P4)  Gt[¢]: HSTY/2 — H5~1/2 and

|G—"_Q/)|H5*1/2 < M|v¢‘HS*1/2 - M|@’Hs+1/2~

> (P5) For all 41,9 € HFY/2,

’(/\s G+¢17 AS¢2)’ < M‘Vibl‘,_/s—l/z |V1/12’Hs—1/2

> (P6) If Y = ¢ then

0% fei12 < MIINV x 0%

Notation: M = M(:1- “— [Clpo+2).
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